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Abstract. Wedevelopherean interpretationoftheclassicalnonrelativisticandrela-
tivistic actionforapointparticleas relatedto geometricmeasuresofsetsofstraight
lines(inertial motions)associatedin anatural wayto closedtimeikecircuitsin space-
time. Thisallowsapointofviewfor theactioncommonto classicalandrelativistic
mechanics.Fw-thennoretheresultsarenotrestrictedto thefreecaseandalsoholds
forpartidesin somepotentials(homogeneousfield andtheharmonicoscillator).

1. INTRODUCTION

Action is thesinglemostimportantquantityin physics[1] andit is worth to explore

anypaththat couldrisenewpointsof view about it. That is the aim of this paper.
The relativistic action for a freeparticlehasa well-knowngeometricalmeaning,as

it is proportionalto the length of (propertimealong) the particleworldline. But in the
non-relativisticcase,thelengthof aworldline (thelapseof universaltime), is pathinde-

pendent.Action isthereforeintroducedinclassicalmechanicsasa pathdependentquan-
tity, withoutanyknowngeometricalmeaning.Therelationshipbetweenboth actionsis
describedin geometrictermsby a <<timelike>>contractionfrom Minkowski space-time:
in the proximity of a timelike straightline, the propertimealong a wordline with fixed
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end-pointshasa path-independentdominantterm (the <<universallapseof time>>), and

thenextsmallterm(in an expansionin powersof 1/c) is pathdependent,and equals,
up to a factor,theclassicalaction.

Ourpurposehere is to discussin some detail the extensionof known resultsof
(Euclidean)Integral Geometry[2] to the contextof space-timegeometry(Galileanor
Minkowskian).Unexpectedly,thesequestionsturnoutto be relatedwith theaction for
a pointparticlein both cases.In spiteof its elementarynature,andalthoughIntegral
Geometryresultsareknown for Klein spaces[3], it seemsthat this connectionhasnot

beenexplicitly pointedoutpreviously.Someofthe resultshavebeenannouncedwithout

proofs [4, 5], which aregivenhere.
Wetakeasstartingpoint somewell-knownrelationsin (Euclidean)integralgeometry,

giving the lengthof a closedcircuit as an integraloverthe setof straightlines, eachline

takenwith aweightequalto thenumberof timesit intersectsthecircuit. This ideacannot

be immediatelytranslatedto kinematicalgeometries,(e.g. Galileanor Minkowskian),
becauseit leadsto divergentintegrals. We show,however,thata properaccountingof

orientationof lines, which is anintrinsic propertyin kinematics,allows a new defini-
tion of thenumberof orientedintersections,and with this definitiondivergencesdo not
appear. To bemorespecific,if a timelikecircuit in the (1 + 1) Galilean(Minkowski)

space-timeis obtainedastheunionof two future timelikepathsfrom A to B , the in-
tegraloverthe set of future, timelike straight lines, eachof them takenwith a weight
equalto theorientednumberof intersectionswith the circuit, has a finite valuewhich

equals(up to a factor) the differenceof the classical(relativistic)actionsof a free par-
ticle alongthetwo trajectories.This is shown in Sect. 2. Section3 relatestheseresults
to the Gauss-Bonnettheorem. In Section4 weconsidera particle in an external field.

The resultshereshowthat for potentialsgivenby polynomialsup to secondorder (i.e.
<<freefall>> in ahomogeneousfield and theharmonicoscillator),thedifferenceof actions

alongtwo timelikepathswithcommonendpoints- nowof course,with thepotentialterm
equalsthe integralof thenumberof orientedintersectionsoverthe setof realmotions.

In Section5 weextendtheseresultsto the (1 + 2) and (1 + 3) cases.
The mainmoral of this paper,both for the free and for someinteractingcases,is

that the quantitywith a well-definedmeaningin the senseof integralgeometryis not
the actionfor anopenpath,but (in a formal way), the action along a closedtimelike

path.All this is very satisfactory,asthis is preciselythecontentof theclassicalconcept
<<action>> which turns outto be essentialin QuantumMechanicsas the relativephase

of two pathsin Feynmann’sintegration[6]. It is at leastremarkablethat a geometrical
analysispointsto thequantitywhich we know to bethe really relevantoneand that this
quantityhasa geometricorigin relatedwith a circuit as is alsothe casefor thequantum
Berry’sphase[7]. The interestof suchquantitiesassociatedwith loops is well known

in QuantumMechanicsand in gaugetheories,and it is perhapssurprisingthat a similar
kind of idealieshiddenin ClassicalMechanics.
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2. INTEGRAL GEOMETRY FOR (1 + 1) KINEMATICAL GROUPS
(FREECASE)

2.1. Integral relationsfor theeuclideancase.

A completeexpositioncanbefoundin [2],andherewewill onlyrecall somerelations

which will behelpful for our purposes.Let M9 bea q- dimensionalcompactdifferen-

tiablemanifold in n- dimensionaleuclideanspace(n� q) . If £r denotesa r- plane
in E~, then £~fl M~is amanifold whosedimensionis, in general,< r + q — n. In
thecaser + q — n = 0 , the intersectiongenericallyreducesto a point. Let us denote
by N(£.~fl M~)thenumberof pointsof intersectionof W with thegeneric r- plane
£r andby d£~the densitydeterminedin theset of all r- planesby the conditionof

beinginvariantunderthe n- dimensionaleuclideangroup. Forthis casethefollowing

integralformulaholds:

(2.1) f N(~fl M9) der = ~fl_1+1~q(M~)
4nM~lø

where 0< is the measureof the i- dimensionalspherein the euclideanspace,and
O•q( M~)is themeasureof themanifold M~0. is givenby:

2 ~.(i+I)/2

r((j+ 1)/2)

For n = 2 and q = r = I , any (unoriented)straightline in theeuclideanplaneis
parametrizedby theangle 0 betweenthesegmentperpendicularfrom theorigin 0 and

a fixed straightline throughtheorigin, andby thelength p of that segment.Thedensity
d~

1(hereafterdenoteddfl, is d~= dp A dO. Let r be an interval of length Lr

on a straightline m. Everyotherstraightline will meet T atonceornoneat all. The
integralin (2.1) equalsto twice the lengthof the segment:

(2.2) f dpAdO2Lr.
enr,/Ø

Themostwidely knownconsequenceof (2.2) is the so-calledCauchy-Croftonfor-

mula: Let T be apiecewisedifferentiableclosedcurve. If Nr(l) denotesthenumber

of intersectionsof the line £ with r , wehave:

(2.3) fNr(~)d~2Lr.

A formally identical formula also holds for sphericaland hyperbolic geometries,

wherethecorrespondingmanifold of points (the <<plane>>) is somehomogeneousspace
of the groupsS0(3) or S0(2, 1) . Evenfor anytwo-dimensionalRiemannianspace,
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similarformulascanbederived[2]. But asfar asweknow,the questionof whetherthere
is anyphysicallymeaningfulintegralrelationsfor thekinematicalgeometries(Galileior
Minkowski) hasnot beendiscussed.This iswhatweexplorein thenextsection.

Other formulaswhich will beusefulin Sec.5 correspondto thecasewhere M is a

curveof length L ,denotedM’ ,and £~are (n— I)- dimensional planes.

(2.4) w3,r=2 f N(~flM1)d~
2irL

£2flM’~1ø

(2.5) ~ f N(~3fl M
1) de

3 =
t3nM’~Iø 3

2.2. TheGalilel and Minkowski cases.

In the Galileanplane, ~, we introducecoordinates(t, x) , in sucha way that the
actionof G( 1, 1) on g is givenby:

(2.6) (b,a,v) : [t] { t+b
x

Thereare two kinds of straightlines in thatgeometry:ordinarytimelike lines, z =

kt+ a, k,a E R , andspecial(nullor spacelike)lines, t = to. Thegroup G( I, I) acts
transitivelyoneachofthesekinds of lines,theactionof G( 1, 1) onthetwo-dimensional

set g* of timelike lines (dual of theGalilean plane, or <<cogalileanplane>>) is:

(2.7) (b,cz,v): , [ k+v
LaJ 18+(—b)k+(a—bv)

The only (up to a factor)two-form on ~ invariantunderthe actionof G( 1, 1) is

dt= dkAds.
In theMinkowski caseweintroducecoordinates(t,z) in sucha waythat theaction

of M(1,l) on .Pvt isgivenby:

[t~ Itchx+zshx+b
(2.8) (b,a,~):j I —~

LxJ L~ShxfXChXf0

Thereare in .M threekindsof straightlines: timelike lines, x = kt+ s, —1 < k <
1 , a E R, whosesetis denotedM* ; null lines, z = et + s, r E {l , —l}, a E R;
andspace-likelines. The Poincardgroup M( 1, 1) actstransitively on eachof these
threekindsoflines.On .M* ,theline tSh(+ xCh( — p= 0 canbedenoted((,p).

M(I,l) actsonM* as:

Id I
(2.9) (b,a,~) :1 I —> I

L~i L~bSh(~fx)+aCh(~fx)
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and d( A dp is aninvarianttwo-formon .M*.

In both casesthe attemptof finding a naivegeneralizationof formula (2.2) fails,
becauseof thenon-compactnatureof thesubgroupof <<rotations>> (galileanor Lorentz

boosts).

Thereis, however,an importantdifferencebetweenGalileanandMinkowskiange-

ometriesononeside,and Euclideanon theotherone: the(time) orientabilityproperties
of the setsof lines. Eachline canbe given, in all cases,two orientations,and while
Euclideangroupstill actstransitivelyon thesetof orientedlinesthis is not thecasefor

Galilei andPoincardgroups. There,the set of orientedtimelike lines splits into two
orbits, calledfuture andpast lines. This is also reflectedon thetopologicalstructure

of theset of all (timelike) unorientedlines, which is itself orientablefor Galileanand
Minkowskiangeometries,butnotfor theEuclideanone.Thatdistinctionon futureand
paststraightlinesextendof coursein an invariantwayto all timelikecurves.

Let us now consider,either in theGalilei or the Minkowski (I + I) space-time,

two piecewisedifferentiableopenfuture timelike curves F’1 and F’2 , with common

endpoints.In anevidentsensethepair (F’1 , F’2) canbeconsideredasaclosed,timelike,
piecewisedifferentiablecurve,with a futuretimelike part F’1 and a pasttimelike part,

denoted—F’2.
As thedistinctionbetweenfuture and pastcurvesis of geometricnature,invariant

underthegroup G( 1, 1) or M( 1, 1) , wecanassignanorientationto theintersection

of curvesin a consistentway. The intersectionof two timelike curvesis saidpositively
orientedif thetwo curvesareboth future(past)atthe intersectionpoint, and negatively

orientedif oneof themis futureand theotherpast.To eachintersectionof two timelike
curvesweassignanintersectionnumber,n 1 or n = —1 whetherthe intersectionis

eitherpositivelyornegativelyoriented.

In theEuclideanplanethereis no possibilityof makinganintrinsicelectionof orien-

tationof lines,andhencethe ideaof an<<orientedintersectionnumber*is not intrinsic.
Anyway,wecanalwayssplit anyclosedcurve F’ by meansof two points A and B on
F’ , andtakethetwo arcs F’1, F’2 with lengthsL1, L2 andcommonendpointsA and

B, ashavingoppositeorientations.Foreverystraightline, say £ wecounteachinter-
sectionwith I’1 as1 andeachintersectionwith F’2 as —1 , anddefinean<<orientedtotal
intersectionnumber>>, Nr (~)as thesumof all the intersectionnumbersof the straight

line £ with F’ (figure 1). From(2.2) it is easyto derivethe following integral relation:

(2.10) fNr(~)de=2(L1—L2)

In theEuclideancasethis formulainvolvesan arbitrarypartitionof theclosedcurve
I’. ForGalilei and Minkowski cases,however,thepartition in futureand pastarcs is
intrinsic,andhencethenumberof orientedintersectionsof anytimelike line with F’ is
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a)

Fig. 1. a) A ~pures~trianglein thegalileanplane.Lines l~,12 , 13 havetheorientedintersec-
tionnumbersNr asshown.b) Its dual trianglein thecogalileanplane.

well-defined.Theinterestingpoint is that the integraloverQ~analogousto the onein

thel.h.s. of (2.10) is free of divergences.

Consideranyclosedtimelikecurve F’ in theclassical(1 + 1) space-timeobtained
from two openfuturetimelikecurves F’1 , F’2 with commonendpoints,A,B. As the
arc lengthontheselinesissimplythecoordinatet (universaltime),thereisnorestriction
if wetakethecurves F’<, i = 1,2 to be:

(2.11) tE [tA,tB] ~(t,z~(t)), with 1(tA) =z2(tA)
~ x1(t~)— X2(tB)

THEOREM 1. Let F’1, i = 1,2 be the two differentiablefi,Lwv timelike curvesin the
gaiileanplanegivenby (2.11).If N1(~)denotesthe total orientednumberofintersec-

tionsofthefi,tur.e timelikestraight line £ with F’ (F’1,F’2), thefollowingrelation
holds:

(2.12) fNr(~) d~= f {(±1(t))
2 — (±

2(t))
2}dt

PRooF.In Section5 wewill carryoutverysimilarcomputationsfor thecaseof aparticle

in anexternalfield, andwe shallnow proveTheoremI following a methodwhich will
beapplicablethere.We implicitly assumethat all theconditionsneededto performin a
legitimateway the transformationsin the integrals(Fubini theorem,interchangeof the
orderof integrations,etc.) aresatisfied.Thesituationis depictedinFigure 2.
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a

Fig. 2. A closedtimelike loop in Galileanplanewith sometotal (oriented)intersectionnum-

bers.

We shallstartby assumingthatcoordinates(k, a) havebeenselectedin theset ~
insucha way that the invariantdensityis simply d k A d a. (This is certainlythe case
for theparametrizationusedin (2.7)).Theconditionof incidenceof a point (t, x.(t))

on thecurve I’~ and a genericline £ canbe consideredasthe equationof a curve in

the set Q. Thatcurvein the <<dualplane>>is (at leastlocally) thegraphof somefunc-
tion a = s<(k,t,x1(t)). When t varies, this curve movesin the dual plane,but the
points (k(t),a(t)) satisfyingthe equations a = s~,da</dt = 0 remainstation-

ary. In our presentcaseand theoneswhich weshalldiscussin Section5, theequation

d s<( k,t, ;(t))/dt = 0 hasa singlesolutionfor k-denotedk<( t) —, and hencea sin-
gle stationarypoint (k1(t) , .s~(k~,t, x<( t))) . The integralover ~ of thenumberof

intersectionsof a genericstraightline (k, a) with F’1 is:

(2.13) H1 = f~8d t [f~t)d a1( t) d k — 1+00 d a1(t) d k]
—o~ dt k1(t) dt

A similarexpressionholdsfor the integralof the numberof intersectionswith F’2.
As thesehaveto becountedwithan intersectionnumber(with F’) n= —1 , theintegral

of the totalorientednumberof intersectionswith F’ is:

rta I pk1(t) da ‘t~ p+00 d ‘t~
H= I dtl I ‘‘ ~dk— I ~ ‘dk—

JtA ~J_00 dt Jk1(i) dt
(2.14)

— çk2(t) d a2(t)d k + [+00 d a2(t)d k

J00 dt Jk2(t) dt
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Fig. 3. 4<Instantaneous*motionof the line which wipesout theeffective integrationdomain
in thecogalileanplane.

In the first integral we replace the interval (—~, k~(t)) by (—oo,k2(t))U
(k2(t),k1(t)) ,andinthelastone(k2(t),oo) by (k2(t),k1(t))U(k1(t),oo) .After
somereductionweget:

H = [*8 dt [_ 1—k1(t) d(a1(t) — s2(t)) dk+
JtA L Jk2(t) dt

(2.15)
1k1(t) d(s1(t) + s2(t))dk]

k2(t) dt

This is a generalresult. Returningto thepresentcase,the genericline £, whose
equationis z = kt+s ,passesthroughthepoint(t,x<(t)) ifandonlyif a = x~(t)—kt.

Thefunction .s<( t) is then s<( t) x<( t) — kt. This is theequationof astraightline in
thecogalileanplane,whosemotionwhen t variesisarotationwithcenter k<( t) = ±~(t)
givenby the uniqueroot of d a1/dt = 0 (seeFigure3). By substitutionof thesevalues

in thegeneralexpression(2.15):

p*~ ~ p±1(t)
H= / dt~J (~1(t)—~2(t))dk+

JtA ~

(2.16)
pz1(t)I (~1(t)+±2(t)—2k)dk~

Ji~(t) J
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The integralsin k are now freeof divergences.The secondintegralvanishes,thus

the final expressionof the integralof thetotalnumberof orientedintersectionswith F’
is:

(2.17) H=fNr(k,s)dkAds=f{(±l(t))2 —(±2(t))
2}dt

ThisformulaalsoholdswhenF’
1 , F’2 are onlypiecewisedifferenciablearcs.

3. THE ACTION AS A GEOMETRIC QUANTITY AND THE GAUSS-BONNET
THEOREM

ThesimplestexampleoftheGauss-BonnetTheoremappearsfor trianglesinspherical

and hyperbolic geometries,wherethe relation

(3.1) KS=(A+ B÷C—ir)

linksthe (internal)anglesandtheareaofthetriangle. Fortheeuclideancase(3.1) reduces
to atrivial identity, and S isunrelatedto the(zero)angularexcess.In termsof the three

anglesa= A, —‘~ = C—ir and 3= /3 (whicharetheanglestumedatpointsA,B,C
by thepath ACB as onestartsfrom thestraightline p AB at A andgoesbackto

thesameline at B) , therelation(3.1) is

(3.2) KS=a+/3—’y.

Notethat ‘y is the<<exterior>> angleat the vertexwhich is not on p. Underthis form,

the<<triangle>>versionof Gauss-Bonnettheoremholdsalsofor thegeometriesof all lines
(timelike whenapplicable)in theeuclidean,galileanand minkowskian(1 + I) space-
times,whoseconstantcurvaturesare respectively,positive, zero and negative(in fact

(3.2) holdsfor all two-dimensionalCayley-Kleingeometries;see[8,9] for the Gauss-
Bonnettheoremin the minkowskiancase,wherethe angles a,/3,’y receivea direct
physical interpretationas rapidity changes[10], and[11-15]for Cayley-Kleingeome-

tries).
Weshowherethecloserelationshipbetweenthe resultsin theformersectionandthis

form of Gauss-Bonnettheorem. Considera triangleeitherin theeuclidean,galileanor
minkowskianplane,in thetwo lastcasesof the <<pure>> type (only futuretime-like lines
allowed, see[11] for the Minkowski case)where AB,AC,GB are (future timelike)
segmentson the straight lines p,n,m respectivelywith lengths c, b,a. This triangle

is to be looked at as a circuit F’ with AB as F’1, and the two segmentsAC and

CB as F’2. The threelines p,n,m in space-timecorrespondto threepoints p,n,m
which determinean orientedtriangle, t~(pnm)in thedual coeuclidean,co-galilean
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or co-minkowskianplane. The(oriented)numberof intersectionsof a generic(future)

straightline with theclosedpath F is constanton the convexdomainsinto which the
threesidesof the triangle pnm dividesthe dual plane. Exceptfor the subset(of zero
measure)of pointson thesethreelines,theorientednumberof intersectionswith F is

eitherequalto 0 or to —2 , dependingon whetherthe point in the dualplaneis either
outsideor insidethetriangle E~(pnm) (seefigures Ia, Ib). Forthe integralof thetotal
numberof orientedintersectionsof ageneric(future, timelike) line with F’ overtheset

of all theselines weobtain:

(3.3) JN1(k1s)dkAda__2f dkAda=—2 Area A(pnm)
~(pnm)

The areaz~(pnm) is linked throughformula(3.2) to the angleexcessof theoriented

triangle pnm. But the angles a,$,‘y of this dual triangleare the lengthsof the sides

a,b, c of theoriginal triangle,sothat we finally obtain

(3.4) K*A(pnm) = a + b — c,

where K can be reducedto the values 1,0, —1 respectivelyfor the Euclidean,

GalileanandMinkowskiancasesby adjustingtheunitsofmeasureof anglesandlengths.
Henceforth,combining(3.3) and (3.4):

fNr(e) de~= 2lArea t~(pnm)~=

(3.5) (

2(a+ b—c) = 2(L
1 — L2), euclideancase

= .~ {(~i1(t))2_(~2(t))2}dt, galileancase

I —2(a+ b — c) = 2(L2 — L1), minkowskiancase

Noticethenaturalappearanceof thenon-relativisticactionfor a freeparticleasthe
galileancounterpartof the euclidean/minkowskiandifferencebetweenlengthsin the

sameintegralformula(3.5).
Theextensionof theprecedingreasoningto moregeneralcurvesaffordsanotherway

to proofTheorem1, througha standardlimiting processstarting from triangles.Let us
first considerthespecialcasewherethe first path F’1 from A to B is alongthestraight
line AB and F’2 is alonga future time like curve, ‘r —p (r, x2(r)) ,with t E (0,T)

and x2(0) = ZA, x2(T) = ZB (seeFigures4a,4b).Thereisnolossof generalityif we
take XA = 0, z~= 0 asanothercasecanbereducedto this oneby someappropriate
motionwhich leavesinvariantthemeasures.Forevery valueof r (to be consideredas

anevolutionparameter),thetimelike line tangentto F’2 satisfiestheequation:

x2,~(t)= dz2(r) {Z2(T) —T~~ }
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$

I,’ ~

Fig. 4. a) A timelikeclosedcircuit in theGalileanplane.b) Its dual in thecogalileanplane.

sothat theevolutionfrom A to B along ~‘2 correspondsto thecurve

r ~-~-

(3.6) ~---~ ‘~-~

2’ / dr

in thecogalileanplane.As previouslythe integralof the totalnumberof orientedinter-
sectionswith F’ (F’1, F’2) overtheset ~“ equals—2 timesthe areaof the domain
boundedin thecogalileanplaneby thestraightline segmentpn, the curve(3.6) and the

segmentmp. Usinggalileantrigonometry[12]we obtainfor this areaS~theexpres-
sion:

= — ~- JTx~( r) d 2x( T) d r.

Integrationby partsandtheboundaryconditionsfor x
2 ( T) givesthefollowing re-

sult:

(3.7) s*~=ifT[~(T)]2 dr.

If F’1 werenotthe straightpath from A to B but a futuretimelikecurve,thecor-
respondingdomainin thecogalileanplanewould be boundedby two curveslike (3.6)

and two straightsegments.The immediateextensionof our previousdiscussiongives
for theareaof thecorrespondingdomain:

(3.8) S~= ~L([dx2(r)]
2 - [dxI(T) ]2) dT

By substitutionof(3.8) into (3.3) we obtain the relation(2.12) in theorem1.
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4. INTEGRAL GEOMETRY FOR PARTICLES IN AN EXTERNAL FIELD

For a free particle,action alonga closedpath F’ (F’1, F’2) hasa geometricalmean-
ingembodiedin eq. (2.12),wherethe integralf Nr (£)d £ istakenoverthestraightlines

in theGalileanplane,i.e., the woridlinesof thefreemotions. Is relation(2.12) anacci-

dentalcoincidencefor a freeparticleor a particularcaseof a generallaw whichremains
valid also for particlesinteractingwith anexternalfield? The studyof this problemis

worthy, sincethedifferenceof actionsis thephasefactorgiving thecontributionof every
historyof theparticlein Feynmann’sformulationof QuantumMechanics.

Most of theresultsin EuclideanIntegral Geometryalsohold for any2-dimensional

Riemannianspace~R.[2], whosesetof geodesics1~isnot in generala C-homogeneous

space.Thus,theconditionof groupinvariancefor the densityof geodesicsdoesnotplay
anessentialrole. In fact, thereis alwaysa naturalsymplecticstructurein thespace7Z’
of geodesics[16] andonly for a Riemannianspaceof constantcurvaturecan 7~be
alsoconsideredasa C-homogeneoussymplecticspace(C is eitherSO(2, 1) , E(2)

or SO(3)). In thesecases,the symplecticstructureof R..” canbereadilyfoundusing
thewell knownKostant-Kirillov-Souriautheorem[17], since 7?.~is diffeomorphicto a

coadjointorbitof C.
A similarsituationiswell knownin classicalmechanics:thephasespacehasalwaysa

naturalsymplecticstructure,whichis only invariantunder<<kinematical>>groupsin some
particularsituations.Weconsiderin this sectiontheclassical,Galilean (1 + 1) case.
The spaceof lines which is the spaceof motions[18] and thephasespacearenaturally

identified. To seeit, fix an instant t0 and let p, x respectivelybethemomentumand

positionat t = t0 onthe line. ThentheLiouville measured p A d x in phasespaceis
equal- upto a factor - to theGalilei invariantmeasured k A d a onthe setof lines.

Therefore,it seemsnaturalto studythecaseof a particlein agivenexternalpotential

from thepointof view of Section2. We do not discussherethe mostgeneralpoten-
tial V( x) , but restrictourselvesto an intermediatesituation,correspondingto linear

dynamics,where V(x) is a time independentquadraticpolynomial in x. For these
cases,thespaceof actualmotionswith its naturalsymplecticstructurecanbeidentified

toacoadjointorbitofsomegroup C. For V~
1>(x)= —gx and V~2~(x)= (l/2)kx2,

C is respectively,theextendedGalilei andtheNewton-Hooke(1+ 1) group[19,20].A
C-invariant densityfor thesetof actualmotionscanbefound,eitherdirectlyor through
the studyof thecoadjointorbits of C. Whenthe spaceof actualmotionsis identified
to thephasespace,this G-invariant densityis equal- up to a factor - to theLiouville
measure.Then, (sections4.1 and4.2; seealso [5]), the integral fN

1(e)d~relativeto

theLiouville measured~is equalto the differencebetweenactionsalong F’1 and F~
inthepo(entiai V(x):
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fN1(e)d~=2 J*B [{12 — V(z1(t))} —

(4.1) A

2
— j~-(i2(t)) _V(x2(t))fl dt.

Thepresenceof the Liouville measurein this formularaisesthe questionabout the
validity of (4.1) for an arbitrarypotential beyondlineardynamics.This is anopenprob-
lem. However, somenumericalsimulationsfor the one-dimensionalKeplerproblem,

which will appearin a forthcomingpaper[21], stronglysuggeststhat (4.1) is alsovalid
there.

4.1. Motion in a uniform field.

Let us considera uniform forcefield, with a potential V~’~(x)= —gi. As the set
of <<lines>> wetakethesolutionsofthe equationsof motion,namely:

(4.2) x = a + kt + ~-gt2

This set is a two-dimensionalmanifold, which canbe parametrizedby (k, a) . De-
spiteof thefact that for a generalpotentialtheGalilei group doesnot act in the setof

actualmotions,this potential appearsas anexception,and a simplecalculationshows
that

1k] 1 k+v—gb
(4.3) (bav)~i —*1

[a] [s+a—kb—vb+(l/2)gb
2

In theordinaryinterpretationof galileangeometry,the subgroup{( b,0 , 0) } in the

action(4.3) correspondsto displacementsalong the cycles a = + (1/2g) k2 and
thesubgroup{( b, —(1/2)gb2 , gb)} correspondsto theordinarygalileanrotationswith

centerk = 0

(b,—(l/2)gb2,gb): [k
1 [ k

L~J LSkb

Fromtheresultsin Section2 d kAd a istheunique(up to afactor)two-forminvariant

underthis action, which is also the Liouville measurein phasespace.From thepoint
of view of coadjointorbits, theextended(I + I) Galilei group is a 5-dimensionalLie
group [19,22] whoseelementswill be written (9,i~,b,a,v); if (m,f,E,p,k) is an
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elementof thedualof its Lie algebra,thecoadjointactionis [22]:

rn’ = rn

f’ = I

Fl = E+ ~~mv2 — vp— af

p’ = p — my + bf

k’= k+ ~~b2f+(a_bv)m+bp

andhasthreeinvanants,m,f,and p2 —2mE—2fk.Therearefivestrata,andeach
orbit in thestratumwith m~0, f ~ 0 is symplectomorphictothespaceof motionsin

thecaseunderconsideration.Introducingcanonicalcoordinatesp, q = k/rn , a simple

computationshowsthat the(uniqueup to a factor) symplectic two-formassociatedto
thatorbit is d p A dq. Thesymplectomorphismbetweenthatorbit andthe spaceof all
motionsbeinggivenby k = p/rn, a = q, thetwo-form d k A d a in coordinatesk,s

in thespaceof all motionsis recovered.Incidentally,notethat theorbitsin the stratum
with m ~ 0, f = 0 correspondsto thefreeparticle, andthat the expressionsfor the
canonicalcoordinatesin theorbit and for thesymplecticform coincidewith theformer
onesandgive themeasured k A da for freemotionsasdiscussedpreviously.

We considernow a generalclosedtimelikecurve,obtainedwith two opentimelike

curveswithcommonendpoints,A,B asin (2.11) andwhich for thesakeof simplicity
we also assumeto be differentiable. We shall proveequation(4.1) with V~(x) =

—gx ,usingthepatternof theproofof Theorem1, andstarting from equation(2.15). A
point (t, ;(t)) meetsthe line (k, a) if andonly if for a wehave a = x~(t)— kt —

(1/2)gt2 .s~(t). This is alsotheequationofa line inthe (k,s) plane.Theequation
dajdt = 0 hasfor fixed t theuniquesolution k~= (dx

1(t)/dt) — gt. Inserting

thesevaluesin (2.15) weobtain:

ptB ~ ~.k~(t)

H= / dt~ I (±1(t)—~2(t))dk+
JtA ~.J—k2(t)

(4.4)
pk1(t)

+ / (d1(t)+±2(t)—2k—29t)dk
J k2(t)

As in the free casethe integralsconverge. Whenperformingthe final integrationin

t, a further integrationby partsin the secondintegral taking into account9x1(t) =
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—V~~(z1(t)),gives:

H = fNr(e) d~= [82 — (±2(t))

2 + 2gt(±
1(t)—

(4.5) _~2(t))}dt=2f {{~±it~2 _v(1)(zi(t))} —

— {~2t~2 - V~)(z2(t))}} di.

4.2. Theharmonicoscillator.

Theharmonicoscillatoralsoallowsa fully explicit calculation[5] of the integralsof
thenumberof orientedintersections;theinvariancegroupisnotasubgroupof theGalilei
group,but theNewton-Hooke(1 + 1) group(isomorphicto theplaneeuclideangroup
[20])whichactsin thesetoftheoscillatoractualmotions.Thedetailsof theidentification

of the spaceof actualmotionswith a coadjointorbit of this group are as follows: the
extendedgroupis afour dimensionalLie group,anddenotingby (m,E, p,k) a generic
elementof the dualof theLie algebra,thecoadjointaction [22] is:

m’ = m

EF=E+~~(w2a2+v2)rn_vp+w2ak

p’ = pcos(wb)— (vcos(wb)+ aw sin(wb))m— w
2ksin(wb)

k’ = kcos(wb)+ (acos(wb)+ (v/w) sin(wb))m— (p/w) sin(wb)

The invariantsare rn, p2 + w2k2 —2 mE , andtherearethreestrata.Therelevanthere
is theonewith m ~ 0 , and a simplecalculationshowsthatin coordinatesp, q = k/rn

the symplectictwo-formis dp Ad q. Whentranslatedto thecoordinatesk,a usedin
[5] reducesagainto d kA d a up to a factor.The final result,analogousto (4.5) is

fN~(~)dF~2 f*B [{~(±i(t))2 — ‘~2(X(t))2} —

(4.6) A

— {~±
2t~2 - ‘~2(~(t))2}] dt

which coincideswith (4.1) forthepotential V~
2~(x)= (I/2)w2a2

5. INTEGRAL GEOMETRY FOR (1 +2) and (1 +3) GALILEI GROUPS

First, let us considerthe actionof the (1 + 2) Galilei group in the space-timec
2

with two spacedimensions.Wechoosecoordinates(t, x) , in sucha waythattheaction
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ofC(1,2) onQ2 is:

[ti I t+b
(5.1) (b,a,v,ço)~1 I —, I

[XJ LR~x+vt+a

Therearetwo kindsof 2-planeshere:<space-Iike~2-planes,which aretheleavesof
theNewtonianspace-timestratification, t = t0 * and <<inertial> planeswhoseequation

is:

(5.2) cos8x
1+sin8x2 —kt+p=0

where p E R, k E R, 0 E (_ir/2, ir/2]. Eachinertial planehasitself a natural
(1 + 1) galileangeometry,andhencecontainstimelike lines and spacelikelines, and

canalso begiventwo differentorientations;the (1 + 2) Galilei group actstransitively

oneachof thesubsetsof orientedplanes.Wedo notwrite downtheexplicit form of this

action(which canbe doneusingthe coordinates(p,k,0)), but it is easyto convince
oneselfthatthe three-formd 4 = d p A d k A d 0 is theunique(up to a factor) three-
form invariantunderthat action. Fromthis densityfor theoriented<<inertial>> 2-planes
(whichareindeedthegenericones),onecanconsiderthemeasureof theset of inertial

2-planeswhichintersectagiventimelikesegment.Thisis givenby a divergentintegral,

asin the (1 + 1) case.Nevertheless,if we considerthe integralover<<inertial>>2-planes
of the total numberof orientedintersectionswith a generalclosedtimelike curve the
divergencedisappears.Thereis no restrictionin taking thearcs F’

1, F’2 to be:

(5.3) t E [tA,tB] —+ (t,x1(t)), with {.4~ =
Wealso assumethatthetwo arcsaredifferentiable,althoughthefinal main resultholds

for piecewisedifferentiablecurves.

THEOREM 2. Let F’s, j = 1,2 bethe two differentiableliiture timelike curves(5.3)
in the galilean (I + 2) space-time. If Nr (k,a) denotesthe total orientednumber
ofintersectionsofthe inertial 2-plane£2 with F’ (F’1, F’2) , thefollowingintegral

relationholds:

(5.4) fNr(~2) d4 2Wf{(1/2)(±1(t))2 — (l/2)(~2(t))
2} dt.

The proof of this result follows the samepatternthan in the (1 + I) case. The
conditionof intersectionof thegenericpoint (t, ;(t)) on the curve ;(t) * anda 2-

plane £2 (k, p,0) canbe consideredastheequationof a surfacein the setof all 2-
planeswhichcanbegivenlocally as somefunction p = p<( k,0,t, x-( t)) . Theexplicit
expressionis:

(5.5) p<(t) = —cos0z1 — sin0z2 + kt.
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Whent varies,thepointsonthis surfacewithsatisfytheequationsp = p1, dp1/dI = 0
determinea curvein thesetof all 2-planeswhichtakestheroleof thepoint k1( t) in the
(1 + 1) case.Theequationof that curve,whichis indeeda straightline, is:

cos0x
1 + sinGx2 — k = 0

Let usdenote k
1(0, t) thefunctionwhich gives k asfunctionof 0,t alongthis curve,

i.e.,

(5.6) k.(0,t) = cos0x
1 + sinGx2 ,.

The integralof thetotalnumberof orientedintersectionswitheachpath F’, is therefore
givenby theexpression:

pt

8 p~T/

2 ~k,(t) dp.(t)
5=! dl] dO/ ‘ dk—

JtA —ir/2 j_~ dt
(5.7)

,w/2 r’°°d (t’
— I dO I ~ ‘dk

J_iij

2 Jk.(t) dl

Theintegral H overall inertial2-planesof the totalnumberof orientedintersections

with F’re(F’11F’2) is:

ft8 ,f [11/2 dO 1k1(t) d p1(t) d k — [11/2 dO [~°° d p1(t) d

~ 1~’—~’2 J_~ dt i_ir/2 Jk,(t) dt
— [11/2 dO çk2(t) d p2(t) d k+ [11/2 dO ~ dp2(t)d kl d

J—ir/2 J_r)~ dt J,~/2 Jk2(t) dt j

With thesameprocedurethanin the (1 + 1) case,and aftersomereductionthe final

expressionis:

H = ftB .1 f1r/2 dof d(p1(t) P2(
t))dk+

tA .-ir/2 k
2(t) dt

(5.8)

+f11~’2dof d(PI(t)+P2(t))dkl
—11/2 k

2(t) dt j

which upon substitutionof theexpressions(5.5) and(5.6) gives for the integral of the

total numberof orientedintersectionstheresult announcedin Theorem2:

(5.9) H = fN~(e2)de2=2~f{(l/2)(±1(t))2_

— (l/2)(~2(t))
2} dt.
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Thediscussionfor the 1 + 3 space-timecaseisquitesimilarto theabove.Theaction

of thegroupis givenin coordinates(I, x) by theequations(5.1) with x ~ R3 * andthe

rotation R E SO(3) . Therearetwo kindsof 3-planes,<<spacelike>>ones(t = I
0) and

<<inertial>> 3-planesparametrizedby 0 � 0 � it, —ir/2 <ço � 71/2, k, p E R, and
with equation:

(5.10) cos~sin0x’+sin~sin0x
2+cosOz3—kt+p=0

The invariantmeasured4 on thesetof all these3-planesis, up to a factor, given
by d4 = sinGdp Adk AdOA d~.Usingformula(2.5) weobtain for the integralof

theorientednumberof intersectionsaresultquite similar totheonein (5.4). Thisresult

canbe summarizedin thefollowing statement:

THEOREM 3. Let F’
1, i = 1,2 be the two differentiableIliture timelikecurvesin the

galilean (1 + 3) space-timeasin (5.3). If Nr ( k,s) denotesthe totalorientednumber

ofintersectionsoftheinertial 3-plane £3 with F’ (F’1, F’2), the followingintegral
relationholds:

(5.11) fN~(~3)d4 (8it/3) f{( l/2)(±1(t))2— (l/2)(~2(t))
2} dt

The proofof this theoremis an almostverbatimtranscriptionof theprecedingcase
and isleft to thereader.

Thelinearstructureofequations(5.4) and(5.11)allows thedecompositionof its r.h.s.
asasumof threeintegrals,eachof themwith thestructureofther.h.s.of(2. 12). Eachof

thesetermscorrespondsto oneof the (two or three)orthogonalprojectionsof thepaths
F’

1, F’2 onthetwo-dimensionalspace-timeplanesX1 — T(s = 1,2 or 1,2 , 3). Thus,

wehaveprovedfor the 3+ 1 casethe following statement:

(3/471) fNr(4) d4 = f Nr,(l)(4) d4+

+ fNr(2)(tI) d~1+ fNr,(3)(4) d4,

where Nr ~ (£1) standsforthetotalnumberof orientedintersectionsof theprojection
of F’ ontheplane X1 — T with thegenericstraighttimelikeline ~ on thisplane.Each
integralin ther.h.s.isperformedoverthis setof lines. Similarexpressionsholdsfor the
I + 2 case.
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